Abstract. We prove that every ∆-power homogeneous space is power homogeneous. This answers a question of the author and it provides a characterization of power homogeneity.
Introduction
A space X is called homogeneous if for every x, y ∈ X, there is a homeomorphism h of X such that h(x) = y. A space X is called power homogeneous if X µ is homogeneous for some cardinal number µ. If A is any non-empty set, then by ∆(X, A) we denote the diagonal in the space X A , which consists of all points x ∈ X A such that x α = x β for all α, β ∈ A. The space X A is called ∆-homogeneous if any two points on the diagonal in X A can be mapped onto each other by a homeomorphism of X A . A space X is called ∆-power homogeneous if for some cardinal µ, the space X µ is ∆-homogeneous. This notion was introduced in [4] and it was asked there in Question 5.1 whether every ∆-power homogeneous space is also power homogeneous. Below we answer this question positively. Using Theorem 4.5 from [4] , this provides a characterization of power homogeneity, see Theorem 2.3 below.
If X is ∆-power homogeneous and X κ is ∆-homogeneous for some cardinal κ, then it is not always the case that X κ is also homogeneous. We demonstrate this by providing an example of a compact metric space X for which X 2 is ∆-homogeneous but not homogeneous. In fact, the space X µ is homogeneous if and only if µ is infinite.
Main result
All spaces are assumed to be Hausdorff. Note that if |A| = |B| then X A is homeomorphic to X B and is not hard to verify that in this case X A is ∆-homogeneous if and only if X B is ∆-homogeneous. We omit the straightforward proof of the following lemma.
Lemma 2.1. Suppose X is a topological space and suppose further that κ is a (possibly finite) cardinal number such that X κ is ∆-homogeneous. If µ is a cardinal number such that µ ≥ κ, then X µ is ∆-homogeneous in each of the following cases:
(1) µ is infinite, (2) µ is finite and µ is a multiple of κ.
The set of all autohomeomorphisms of a space X is denoted by Aut(X) and we let tpe(x, X) = {h(x) : h ∈ Aut(X)} be the type of x in X. Recall from [1] that the homogeneity index of X, hind(X), is defined as the number of different types in X. Thus hind(X) = |{tpe(x, X) : x ∈ X}|. In particular, hind(X) may be finite.
Whenever X is a topological space, we say that a subset Q of X is a set of representatives for the types in X if for every x ∈ X, there is a unique member q of Q such that x ∈ tpe(q, X). Note that in this case |Q| = hind(X).
Lemma 2.2. Suppose X κ is ∆-homogeneous where κ is infinite. Let µ ≥ κ and x ∈ X µ . If for every α < µ we have:
Proof. Let p ∈ ∆(X, µ) be arbitrary. We will find a homeomorphism h of X µ such that h(x) = p. Choose a set Q which is a set of representatives for the types in X. Without loss of generality we may assume that x ∈ Q µ . For every q ∈ Q, we let
By assumption we have that for every q ∈ Q, either A(q) is empty or |A(q)| ≥ κ. We also have that µ = q∈Q A(q) and if q, q ∈ Q then
. If we let h be the product homeomorphism of all h q 's where q ∈ Q and A(q) = ∅, then h is a homeomorphism of X µ which maps x onto p.
By πw(X), we denote the π-weight of X which is by convention always assumed to be infinite. It was shown in [4, Theorem 4.5] that if X is ∆-power homogeneous then X πw(X) is ∆-homogeneous. We now prove our main theorem. Theorem 2.3. Let X be a topological space and µ an infinite cardinal number. Suppose that either µ ≥ πw(X) and hind(X) < cf(µ) or µ > hind(X)πw(X). The following statements are equivalent:
(1) X µ is homogeneous, (2) X is power homogeneous, (3) X is ∆-power homogeneous, (4) X πw(X) is ∆-homogeneous.
Proof. It is obvious that (1) → (2) and (2) Choose a set Q which is a set of representatives for the types in X and let x ∈ X µ be arbitrary. Since X µ is ∆-homogeneous by Lemma 2.1, it suffices to show that x can be mapped into the diagonal of X µ by a homeomorphism of X µ . By the previous lemma, it suffices to show that there is a homeomorphism h of X µ such that h(x) = y where y ∈ Q µ and for every q ∈ Q we have:
where κ = πw(X). Without loss of generality we may assume that x ∈ Q µ . Again, for q ∈ Q, we let A(q) = {α < µ : x α = q} and as before we have:
We first show that there is some q ∈ Q with |A(q)| ≥ κ · |Q|. We consider the two cases we have for the value of µ. If |Q| < cf(µ), then it follows from ( * * ) that |A(r)| = µ for some r ∈ Q. If on the other hand µ > κ · |Q|, then it follows from ( * * ) that there is some r ∈ Q with |A(r)| > κ · |Q|. In either case we find an r ∈ Q such that |A(r)| ≥ κ · |Q|. We fix such an r and a partition {B(q) : q ∈ Q} of A(r) such that for all q ∈ Q, |B(q)| ≥ κ. We let the point y ∈ X µ be defined as follows;
(r) and α ∈ B(q).
Note that for every q ∈ Q, we have B(q) ⊆ {α < µ : y α = q}. Since |B(q)| ≥ κ, it follows that the point y satisfies ( * ). Also, for every q ∈ Q, y B(q) ∈ ∆(X, B(q)). If q ∈ Q, then X B(q) is ∆-homogeneous and x B(q) ∈ ∆(X, B(q)) since B(q) ⊆ A(r). So for q ∈ Q, we may fix a homeomorphism h q of X
B(q)
such that h q (x B(q) ) = y B(q) . Let h be the product homeomorphism consisting of the product of the h q 's for q ∈ Q and the identity map on the space X (µ\A(r)) . Then h is a homeomorphism of X µ which maps x onto y and this completes the proof.
This characterization reduces the study of power homogeneity of a space X to the study of ∆-homogeneity of relatively small powers of the space X. For example, if X is a separable metrizable space, then X is power homogeneous if and only if X ω is ∆-homogeneous. If X is a power homogeneous space, we define the homogeneity degree of X, denoted by hdeg(X), as the least cardinal number κ for which X κ is homogeneous. If X is any space and πw(X) = κ, then just by looking at the space X κ , one can decide whether or not X is power homogeneous. This leads us to consider the following question. If X is power homogeneous and µ = (πw(X) · hind(X)) + , then it follows from Theorem 2.3 that X µ is homogeneous. So for power homogeneous spaces X, hdeg(X) ≤ (πw(X) · hind(X)) + . We do not know whether this bound is sharp. Of course, if this bound is sharp then Question 2.4 has a negative answer.
It should be pointed out that van Mill has constructed an example (see [2] ) of a compact metric space Y such that Y is rigid but Y 2 is homogeneous. Recall that a space X is rigid if the only homeomorphism of X is the identity. In particular, hind(X) = |X| for rigid spaces X. Since van Mill's example from [2] has cardinality c, the bound for hdeg(Y ) we have derived is c + , whereas in fact hdeg(Y ) = 2.
Examples
The following example demonstrates that although ∆-power homogeneity is equivalent to power homogeneity, the first power in which ∆-homogeneity occurs might be strictly smaller than the first power in which homogeneity occurs. The following example does not provide an answer to Question 2.4 since the example X below satisfies hdeg(X) = πw(X) = ω. 
Furthermore, if λ is an infinite cardinal number, then Y may be chosen to be of weight λ. Let r = 2 and let Y be the corresponding group of countable weight. The example X is the space Y ⊕ Y 2 . Note that X is a compact and metrizable space.
Let n be a natural number. Since Y is a group, Y n is homogeneous. Furthermore, since Y is connected, the space X n consists of 2 n clopen components and every component of X n is homeomorphic to Y m for some natural number m. It follows from the properties of Y that every component of X n is either homeomorphic to Y or it is homeomorphic to Y 2 . The space X 2 consists of four components. Two of these components are homeomorphic to Y and the other two are homeomorphic to Y 2 . Since Y ≈ Y 2 , the space X 2 is not homogeneous. However, the diagonal in X 2 is contained in the components of X 2 which are homeomorphic to Y 2 . Since Y 2 is homogeneous, it follows that X 2 is ∆-homogeneous. So X is an example of a compact space for which X 2 is ∆-homogeneous but not homogeneous.
In the same way one verifies easily that X n is ∆-homogeneous if and only if n is an even natural number and for every natural number n, the space X n is not homogeneous. Since hind(X) = 2, it follows from the results in this paper that X ω is homogeneous. In fact, X ω is homeomorphic to the product of the Cantor set 2 ω and Y ω , so it is even a topological group.
We have proved that if X is power homogeneous, then hdeg(X) ≤ (πw(X) · hind(X)) + . If this bound is sharp, then there is a power homogeneous space X for which the previous inequality is in fact equality. So in particular, for such a space X, its homogeneity degree is a successor cardinal. This raises the question whether there are any restrictions on the values that occur as homogeneity degree of power homogeneous spaces. There are no such restrictions, as the following example demonstrates. Example 3.2. Let κ be any infinite cardinal number and let X be the disjoint sum of the spaces {0, 1} κ and {0, 1}. Then one verifies easily that X κ is homeomorphic to {0, 1} κ and therefore hdeg(X) ≤ κ. If µ < κ, then X µ contains points of character κ but also points of character µ, and this means that X µ is not homogeneous. It follows that hdeg(X) = κ.
